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Abstract
The isovariant version of Borsuk–Ulam type theorems has been studied by Wasserman and the first author. In this paper, first we
consider the relation between the existence of Cn-isovariant maps from free Cn-manifolds to representation spheres and Borsuk–
Ulam type inequalities for their dimensions. Our main result classifies the Cn-isovariant maps by Cn-isovariant homotopy types
when a Borsuk–Ulam type inequality holds. For proving it, we use the multidegree of a Cn-equivariant map developed by the first
author.
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1. Introduction
Throughout this paper, all maps are understood to be continuous. Borsuk–Ulam theorem says that if there is a
continuous map between spheres f :Sm → Sn such that f (−x) = −f (x) for all x ∈ Sm, then m n holds [1]. From
a viewpoint of the theory of transformation groups, this theorem is read as follows.
Proposition 1.1. Let C2 be a cyclic group of order 2. Assume that C2 acts on both Sm and Sn antipodally. If there
exists a continuous C2-map f :Sm → Sn, then m n holds.
In the theory of equivariant topology, Borsuk–Ulam type theorems are one of the most basic theorems, since they
state whether a G-equivariant map exists or not between given G-spaces. Recently one of such Borsuk–Ulam type
results played an important role in a partial solution of the 11/8-conjecture [6]. Moreover, it has been generalized
in various directions and applied in several areas of mathematics, for example, combinatorics [9], nonlinear analysis
[13,14], and so on.
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if it preserves the isotropy groups, that is, Gx = Gϕ(x) holds for all x ∈ X. We note that if ϕ :X → Y is G-equivariant,
it always holds that Gx ⊂ Gϕ(x) for each x ∈ X. For G-homotopy equivalent G-isovariant maps ϕ,ψ :X → Y , let
F :X × [0,1] → Y be a G-homotopy from ϕ to ψ . If F is a G-isovariant map, it is called a G-isovariant homotopy
from ϕ to ψ , and it is said that ϕ and ψ are G-isovariantly homotopic. We denote by [X,Y ]isovG the G-isovariant
homotopy classes of all G-isovariant maps from X to Y . Various theories and results in the isovariant setting have
been obtained by several authors. For example, isovariant surgery theory on a stratified set [2,4], isovariant homotopy
theory [5], the isovariant s-cobordism theorem [2,8], and so on. The following isovariant Borsuk–Ulam theorem was
proved by Wasserman [15].
Proposition 1.2 (Isovariant Borsuk–Ulam theorem). Let G be a finite solvable group, and let V and W be G-
representations. If there exists a G-isovariant map f :V → W , then the following inequality holds:
dimV − dimVG  dimW − dimWG,
where WG is the G-fixed point set.
Various results concerning the relations between Borsuk–Ulam type inequalities and the existence of isovariant
maps have been also studied by the first author [10–12]. In this paper, we begin by considering similar problem in the
following situation: G is a finite group, the source space is a mod |G|-homology sphere on which G acts freely, where
a mod|G|-homology sphere means a closed manifold whose homology groups are isomorphic to those of a sphere
with Z/|G| coefficients. The target space is a unitary representation sphere; namely, the unit sphere of a unitary
representation of G. Our first result is:
Theorem A. Let G be a finite group, and M an m-dimensional mod|G|-homology sphere on which G acts freely.
Let W be a unitary representation of G, and SW its G-representation sphere. If there exists a G-isovariant map
f :M → SW, then for any subgroup H(= {e}) of G, the inequality
dimM + 1 dim SW − dim SWH
holds, where if SWH = ∅, we put dim SWH = −1.
For a given G-action on SW , the singular set SW>1 is a subspace of SW defined by SW>1 =⋃{1}=HG SWH . We
obtain the following corollary immediately.
Corollary B. Let G be a finite group, and M an m-dimensional mod|G|-homology sphere on which G acts freely.
Let W be a unitary representation of G, and SW its G-representation sphere. If there exists a G-isovariant map
f :M → SW, then the inequality
dimM + 1 dim SW − dim SW>1 (1)
holds, where if SW>1 = ∅, we put dim SW>1 = −1.
We next consider the converse of Corollary B when G is finite cyclic. Let Cn denote a cyclic group of order n. Our
second result is concerning the existence of Cn-isovariant maps under the inequality (1).
Theorem C. Let M be an m-dimensional arcwise connected orientable closed C∞-manifold with an orientation
preserving free Cn-action, and W a faithful unitary representation space of Cn. If the inequality
dimM + 1 dim SW − dim SW>1 (1)
holds, there exists a Cn-isovariant map f :M → SW.
Under the assumption of Theorem C, we will discuss the classification problem of Cn-isovariant maps f :M → SW
by Cn-isovariant homotopy types; in particular, we investigate the structure of [M,SW]isov when the Cn-action on SWCn
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sists of exactly one element under the inequality dimM + 1 < dim SW − dim SW>1 by using equivariant obstruction
theory.
On the other hand, if dimM + 1 = dim SW − dim SW>1, various types of Cn-isovariant maps from M to SW exist.
In fact, set
A= {H ∈ Iso(SW) ∣∣ dim SWH = dim SW>1},
then Corollary E says that there is a one to one correspondence between [M,SW]isovCn and
⊕
H∈AZ. To construct
this correspondence in Section 5, we will define the multidegree mDegf which takes the value in
⊕
H∈AZ for
every Cn-map f :M → SWfree, where SWfree = SW \ SW>1. Theorem D in Section 5 is a Hopf-type theorem for the
multidegrees of the Cn-maps and the key result for the classification problem of G-isovariant maps. Incidentally, the
concept of a multidegree was originally introduced by the first author for showing the existence of the S1-isovariant
maps from a rational homology sphere to a representation sphere [11].
This paper is organized as follows. In Section 2, we prove Theorem A and Corollary B. In Section 3, we give
a quick review from the equivariant obstruction theory in our setting which is used for proving Theorems C and D.
Section 4 presents a proof of Theorem C. Section 5 is devoted to the explanation of our main results. After defining the
multidegree of a Cn-map from M to SWfree, we state Theorem D which is a Hopf-type theorem for the multidegrees
and Corollary E which is the solution of our classification problem, while their proofs are given in Section 6. In the
last section, we illustrate a couple of examples.
2. Borsuk–Ulam type inequalities
In this section, we prove Theorem A. Throughout this section, G is a finite group, W is a unitary representation
space of G, and M is a C∞G-manifold which satisfies the conditions given in the statement of Theorem A. For a
subgroup H of G, let (WH )⊥ denote the orthogonal complement of WH in W with respect to the Hermitian product.
We note that (WH )⊥ is also a representation space of H .
Lemma 2.1. Let p be a prime factor of |G|. If there exists a G-isovariant map f :M → SW, there exists a Cp-
equivariant map fp :M → S((WCp)⊥).
Proof. Since f :M → SW is Cp-isovariant and the action of Cp on M is free, it follows that f (M) ⊂ SW \SWCp . The
action of Cp on S((WCp)⊥) is free, and there exists a Cp-homotopy equivalence between SW \SWCp and S((WCp)⊥)
given by the composition
SW \ SWCp 
Cp W \WCp =
((
WCp
)⊥ \ {0})×WCp 
Cp (WCp)⊥ \ {0} 
Cp S((WCp)⊥).
Hence, we can construct a Cp-equivariant map fp :M → S((WCp)⊥). 
Proof of Theorem A. By the homological assumption on M , it holds that H∗(M;Z/p) ∼= H∗(Sm;Z/p) for any
prime factor p of |G|. By applying the Cp-Borsuk–Ulam theorem [7] to the Cp-map fp :M → SWCp constructed in
Lemma 2.1, we see that
dimM  dimS
((
WCp
)⊥)= dim SW − dim SWCp − 1.
Hence for any subgroup H = {e}, it holds that
dimM + 1 dim SW − dim SWH . 
Since dim SW>1 = max{e}=HG dim SWH , Corollary B is an immediate consequence of Theorem A.
3. Equivariant obstruction theory
For the convenience of the readers, we give a quick review of the equivariant obstruction theory in our setting. This
theory is the main tool for proving Theorems C and D. The notations and propositions in this section are based on tom
Dieck’s book [3].
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a relative G-CW complex such that G acts freely on X \ A, namely the n-skeleton Xn is obtained from Xn−1 by
attaching free n-cells. The filtration (Xn | n ∈ Z) leads to a cellular chain complex C∗(X,A)
· · · → Hn+1(Xn+1,Xn) d−→ Hn(Xn,Xn−1) → ·· · ,
where homology groups are singular homology groups with coefficients in Z and d is the boundary homomorphism
in the homology exact sequence for the triple {(Xn+1,Xn,Xn−1)}.
For any integer n ∈ Z, the G-action on Xn induces a G-action on Hn(Xn,Xn−1). Then, Hn(Xn,Xn−1) is a left ZG-
module and C∗(X,A) becomes a chain complex of such modules. For any left ZG-module π , the cochain complex
C∗G(X,A;π) := HomZG
(
C∗(X,A);π
)
yields equivariant cohomology groups denoted by H∗G(X,A;π). If a left ZG-module π is interpreted as a local
coefficient system {π} on X/G \A/G, then it holds that
H∗G(X,A;π) ∼= H ∗
(
X/G,A/G; {π}).
Let Y be an arcwise connected, n-simple G-space, where n 1, that is, π1(Y, y) acts trivially on πn(Y, y) for every
base point y. Then homotopy groups with different base points are canonically isomorphic each other, so we denote
this homotopy group by πn(Y ). Moreover the canonical map πn(Y ) → [Sn,Y ] is bijective. Since the action on Y
induces the G-action on [Sn,Y ], the G-action on πn(Y ) is also induced. Thus πn(Y ) becomes a ZG-module, and we
have
H∗G
(
X,A;πn(Y )
)∼= H ∗(X/G,A/G;{πn(Y )}).
In addition, if G acts trivially on πn(Y ), we obtain
H∗G
(
X,A;πn(Y )
)∼= H ∗(X/G,A/G;πn(Y )).
The following proposition shall be used for proving Theorems C and D.
Proposition 3.1. (See [3].) Let G be a finite group, (X,A) a relative G-CW complex such that G acts freely on X \A.
Let Y be an arcwise connected m-simple G-space for every 1m dim(X \A). Then, the following hold.
(1) If HqG(X,A;πq−1(Y )) = 0 for every 1  q  dim(X \ A), then any G-map f :A → Y extends to a G-map
X → Y .
(2) When a G-map f :A → Y extends to two G-maps F,F ′ :X → Y , if HqG(X,A;πq(Y )) = 0 for every 1  q 
dim(X \A), then F and F ′ are G-homotopic.
4. Existence of isovariant maps
Let M be an m-dimensional arcwise connected orientable closed C∞-manifold with an orientation preserving free
Cn-action, and W a unitary representation space of Cn. Set
A= {H ∈ Iso(SW) ∣∣ dim SWH = dim SW>1},
where Iso(SW) is the set of isotropy groups of SW . We begin this section by proving the following lemma.
Lemma 4.1. For distinct subgroups H,H ′ ∈A, we have:
(1) 〈H,H ′〉 /∈A, where 〈H,H ′〉 is the subgroup generated by H and H ′.
(2) WH = WH ′ .
Proof. First, we observe that H1 ⊂ H2 yields H1 = H2 for H1,H2 ∈A. In fact, assume H1  H2. Then, it holds that
SWH2  SWH1 ; thereby dim SWH2 < dim SWH1 because the fixed point sets are spheres. By the definition of A, we
conclude that H2 /∈A, which contradicts the definition of H2. (1) is its immediate consequence. For proving (2), we
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have WH = WH ′ . 
We put SWfree = SW \ SW>1. Proposition 3.1 says that if H∗Cn(M;π∗−1(SWfree)) = 0, there exists a Cn-map
f :M → SWfree. Put k = dim SW − dim SW>1. Since the Cn-representation is assumed to be unitary, we have k  2.
Lemma 4.2.
(1) The space SWfree is arcwise connected, (k − 2)-connected and m-simple for every 1m k − 1.
(2) The cyclic group Cn acts trivially on πk−1(SWfree).
Proof. (1) The arcwise connectivity of SWfree follows from k  2. The (k − 2)-connectivity follows from a general
position argument. In fact, by the homotopy exact sequence, we see that πi(SWfree) ∼= πi+1(SW,SWfree) for i 
dim SW − 2. We show that πi+1(SW,SWfree) = 0 for i  k − 2. Let α : (Di+1, Si) → (SW,SWfree) be any based map
for i  k− 2. Since dimDi+1 + dim SW>1 < dim SW , there exists a based map α′ : (Di+1, Si) → (SW,SWfree) based
homotopic to α such that α′(Di+1)∩SW>1 = ∅. This implies that α′(Di+1) ⊂ SWfree; thereby πi+1(SW,SWfree) = 0.
Thus, if k > 2, SWfree is 1-connected; thereby it is m-simple for every 1m k − 1. If k = 2, SWfree is 1-simple by
Lemma 4.3 below.
(2) Since W is a unitary Cn-representation, the Cn-action on πk−1(SWfree) can extend to an S1-action on
πk−1(SWfree). Hence, the map induced by g ∈ Cn is homotopic to the map induced by the identity element e ∈ Cn.
Thus, Cn acts trivially on πk−1(SWfree). 
Lemma 4.3. If k = 2, then the fundamental group π1(SWfree) is Abelian.
Proof. Set
SWA-free = SW \
⋃
H∈A
SWH =
⋂
H∈A
(
SW \ SWH ).
Since dim SW − dim SWK  4 for {e} = K ∈ Iso(SW) \A, we see that the inclusion SWfree ⊂ SWA-free induces an
isomorphism π1(SWfree) ∼= π1(SWA-free) by a general position argument. Put
WA-free = W \
⋃
H∈A
WH,
then SWA-free is a strong deformation retract of WA-free. It is sufficient to show that π1(WA-free) is Abelian. Since
by assumption dim(WH )⊥ = 2 for H ∈ A, it is irreducible. Moreover, since (WH )⊥ = (WH ′)⊥ if H = H ′, W is
decomposed as
W =
⊕
H∈A
(
WH
)⊥ ⊕W ′
for some W ′. Thus one can see that WA-free is homeomorphic to
∏
H∈A((WH )⊥ \ {0}) × W ′ whose fundamental
group is isomorphic to
⊕
H∈AZ. 
Proof of Theorem C. By Lemma 4.2, we have
H∗G
(
M,π∗−1(SWfree)
)∼= H ∗(M/Cn;π∗−1(SWfree)). (2)
By the (k − 2)-connectivity of SWfree, we have Hq(M/Cn;πq−1(SWfree)) = 0 for q  k − 1. By Proposition 3.1, this
shows the existence of a Cn-map f from M to SWfree both of which have free Cn-action. Since f (M) ⊂ SWfree, f is
also a Cn-isovariant map from M to SW . 
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In this section, we discuss the classification problem of Cn-isovariant maps between M and SW under the assump-
tion of Theorem C. Since the Cn-action on M is assumed to be free,
[M,SW]isovCn = [M,SWfree]Cn
holds. For our purpose, we use equivariant obstruction theory and define the multidegree for a Cn-equivariant map.
The obstruction to Cn-homotopy types lies in
H∗Cn
(
M;π∗(SWfree)
)∼= H ∗(M/Cn;π∗(SWfree)).
Recall that k = dim SW − dim SW>1.
Proposition 5.1. If dimM < k − 1, then all Cn-isovariant maps from M to SW are Cn-isovariantly homotopic each
other.
Proof. Since SWfree is (k − 2)-connected by Lemma 4.2, we have Hq(M/Cn;πq(SWfree)) = 0 for q  k − 2. Hence
the obstruction vanishes; thereby all Cn-isovariant maps from M to SW are Cn-isovariantly homotopic. 
Next, we consider the problem when dimM = k − 1. The cohomology group Hq(M/Cn;πq(SWfree)) vanishes if
q = k − 1 by a similar argument in the proof of Proposition 5.1. Thus, the obstruction lies in
Hk−1Cn
(
M;πk−1(SWfree)
)∼= Hk−1(M/Cn;πk−1(SWfree)).
Recall
A= {H ∈ Iso(SW) ∣∣ dim SWH = dim SW>1}
and
SWA-free = SW \
⋃
H∈A
SWH =
⋂
H∈A
(
SW \ SWH ).
Lemma 5.2. Let W be a faithful unitary Cn-representation.
(1) The homomorphism i∗ :πk−1(SWfree) → πk−1(SWA-free) induced by the inclusion map i : SWfree → SWA-free is
an isomorphism.
(2) The Hurewicz homomorphisms h :πk−1(SWA-free) → Hk−1(SWA-free) and h′ :πk−1(SWfree) → Hk−1(SWfree)
are isomorphic.
Proof. (1) By definition, we see that dim(SWA-free \ SWfree) dim SW>1 − 2 = dim SW − k − 2. Hence we have
dim SWA-free − dim
(
Sk−1 × I)− dim(SWA-free \ SWfree) 2.
Thus, by a general position argument, i∗ is an isomorphism.
(2) By Lemma 4.2 and the Hurewicz theorem, h′ is an isomorphism. By a similar argument to Lemma 4.2, SWA-free
is also arcwise connected and (k − 2)-connected. Hence it follows from the Hurewicz theorem that h is an isomor-
phism. 
Lemma 5.3. Let W be a faithful unitary Cn-representation. Then, there is an isomorphism
Φ :Hk−1(SWfree) →
⊕
H∈A
Hk−1
(
S
(
WH
)⊥)∼= ⊕
H∈A
Z
given by the following composite of isomorphisms:
Hk−1(SWfree)
i∗−→ Hk−1(SWA-free) j∗−→
⊕
H∈A
Hk−1
(
SW \ SWH ) ⊕iH ∗←−−− ⊕
H∈A
Hk−1
(
S
(
WH
)⊥)∼= ⊕
H∈A
Z,
where i, j and iH are inclusions.
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. . . ,Hr}. We note that SWA-free =
⋂r
i=1(SW \ SWHi ). Since SWHi ∩ SWHr = SW〈Hi,Hr 〉, we have (
⋂r−1
i=1 (SW \
SWHi ))∪ (SW \ SWHr ) = SW \⋃r−1i=1 SW〈Hi,Hr 〉. Consider the Mayer–Vietoris exact sequence:
· · · → Hk
(
SW \
r−1⋃
i=1
SW〈Hi,Hr 〉
)
→ Hk−1(SWA-free) → Hk−1
(
r−1⋂
i=1
(
SW \ SWHi )
)
⊕Hk−1
(
SW \ SWHr )
→ Hk−1
(
SW \
r−1⋃
i=1
SW〈Hi,Hr 〉
)
→ ·· · .
Since the representation is unitary, Lemma 4.1 yields dim SW〈Hi,Hr 〉  dim SW>1 − 2 for each i (1  i  r − 1).
Hence we have
dim SW − dim
r−1⋃
i=1
SW〈Hi,Hr 〉  dim SW − (dim SW>1 − 2)= k + 2,
thereby we see that Hk(SW \⋃r−1i=1 SW〈Hi,Hr 〉) = 0 and Hk−1(SW \⋃r−1i=1 SW〈Hi,Hr 〉) = 0. Thus we have
Hk−1(SWA-free) ∼= Hk−1
(
r−1⋂
i=1
(
SW \ SWHi )
)
⊕Hk−1
(
SW \ SWHr ),
and by induction we see that the correspondence
Hk−1(SWA-free)
j∗−→∼=
r⊕
i=1
Hk−1
(
SW \ SWHi )
is an isomorphism. As in the proof of Lemma 2.1, SW \ SWHi is homotopy equivalent to S((WHi )⊥), which is a
(k − 1)-dimensional sphere because Hi belongs to A. Therefore we have
r⊕
i=1
Hk−1
(
SW \ SWHi )∼= r⊕
i=1
Hk−1
(
S
(
WHi
)⊥)∼= r⊕
i=1
Hk−1
(
Sk−1
)∼= r⊕
i=1
Z. 
We are now prepared to define the multidegree of Cn-map f :M → SWfree.
Definition 5.4. Let M be an orientable (k − 1)-dimensional arcwise connected closed C∞-manifold with an orienta-
tion preserving free Cn-action. Let W be a faithful unitary Cn-representation, and f :M → SWfree a Cn-map. Then,
we define the multidegree of f denoted by mDegf as
mDegf = Φ(f∗[M]) ∈ ⊕
H∈A
Z,
where [M] is the fundamental class of M .
Theorem D (Hopf-type theorem). Under the assumption in Definition 5.4, the following hold.
(1) mDeg : [M,SWfree]Cn →
⊕
H∈AZ is injective.
(2) For Cn-maps f,g :M → SWfree, it holds that mDegf − mDegg ∈⊕H∈A nZ.
(3) Fix a Cn-map f0 :M → SWfree. Then for any d ∈⊕H∈A nZ there exists a Cn-map f :M → SWfree such that
mDegf − mDegf0 = d .
Since [M,SW]isovCn = [M,SWfree]Cn , we obtain the following corollary, which is the classification theorem of Cn-
isovariant maps in our setting.
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⊕
H∈AZ defined by
mDf0
([f ])= (mDegf − mDegf0)/n
is a bijection.
6. Proof of the main result
In this section, we prove Theorem D presented in the previous section.
Lemma 6.1. Let f0, f :M → SWfree be Cn-maps. Let γCn (f0, f ) ∈Hk−1Cn (M;πk−1(SWfree)) denote the obstruction to
the existence of a Cn-homotopy between f and f0. Then, the assignment [f ] ∈ [M,SWfree]Cn → γCn (f0, f ) gives a
bijection:
ρ
Cn
(f0) : [M,SWfree]Cn →Hk−1Cn
(
M;πk−1(SWfree)
)
.
Proof. See [3, II, (3.17)]. 
The map ρ
Cn
(f0) defined in Lemma 6.1 depends on the choice of f0 which is called a reference map. Set
C∗Cn(M) = HomZCn
(
C∗(M),πk−1(SWfree)
)
and
C∗(M) = HomZ
(
C∗(M),πk−1(SWfree)
)
.
We define a homomorphism τ¯ :Ck−1(M) → Ck−1Cn (M) by τ¯ (f )(c) =
∑
g∈Cn gf (g
−1c), where f ∈ Ck−1(M) and
c ∈ Ck−1(M). Then, by [3, II, pp. 123–124], τ¯ induces the norm homomorphism
τ :Hk−1
(
M;πk−1(SWfree)
)→Hk−1Cn (M;πk−1(SWfree)).
By forgetting the Cn-action, the forgetful map
ε :Hk−1Cn
(
M;πk−1(SWfree)
)→ Hk−1(M;πk−1(SWfree))
is defined.
Lemma 6.2. The composition τ ◦ ε :Hk−1Cn (M;πk−1(SWfree)) →Hk−1Cn (M;πk−1(SWfree)) is multiplication by n.
Proof. See [3, II, p. 124]. 
Lemma 6.3. The forgetful map ε :Hk−1Cn (M;πk−1(SWfree)) → Hk−1(M;πk−1(SWfree)) is injective.
Proof. By Eq. (2), H∗G(M,π∗−1(SWfree)) ∼= H ∗(M/Cn;π∗−1(SWfree)). Since dimM/Cn = k − 1 and the action of
Cn on M is orientation preserving, we obtain that
Hk−1Cn
(
M;πk−1(SWfree)
)∼= πk−1(SWfree) ∼= ⊕
H∈A
Z.
Since this cohomology group is torsion free, it follow from Lemma 6.2 that τ ◦ε is injective; thereby, ε is injective. 
Lemma 6.4. The norm homomorphism
τ :Hk−1
(
M;πk−1(SWfree)
)→Hk−1Cn (M;πk−1(SWfree))
is an isomorphism.
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and hence so is τ .
Since M is orientable, it holds that
Hk−1
(
M;π∗−1(SWfree)
)∼= πk−1(SWfree) ∼= ⊕
H∈A
Z,
and
Hk−1Cn
(
M;πk−1(SWfree)
)∼= ⊕
H∈A
Z
as in the proof of Lemma 6.3. Hence Hk−1Cn (M;πk−1(SWfree)) and Hk−1(M;πk−1(SWfree)) are free Abelian groups
with the same rank. This leads that τ is an isomorphism. 
Here we give a cohomological description of the multidegree. Let f :M → SWfree be a Cn-map. Using the universal
coefficient theorem, we have the following isomorphisms:
Hk−1
(
SWfree;πk−1(SWfree)
) κ−→∼= HomZ(Hk−1(SWfree),πk−1(SWfree))
h∗−→∼= HomZ
(
πk−1(SWfree),πk−1(SWfree)
)
,
where h denotes the Hurewicz homomorphism. Set
ι(SWfree) = (h∗ ◦ κ)−1(idπk−1(SWfree)) ∈ Hk−1
(
SWfree;πk−1(SWfree)
)
.
Then one can see that〈
f ∗ι(SWfree), [M]
〉= f∗([M]) ∈ πk−1(SWfree),
where f∗ ∈ Hom(Hk−1(M;Z),πk−1(SWfree)) and [M] is the fundamental class of M . We obtain that
mDegf = Φ ◦ h(〈f ∗ι(SWfree), [M]〉).
Proof of Theorem D. (1) It is well known [3, II, (3.19)] that
γ (f,g) = f ∗ι(SWfree)− g∗ι(SWfree) ∈ Hk−1
(
M,πk−1(SWfree)
)
.
Hence we obtain that
mDegf − mDegg = Φ ◦ h(〈γ (f,g), [M]〉).
Assume mDegf = mDegg, then it holds that γ (f,g) = 0. Since γ (f,g) = ε(γ
Cn
(f, g)) and ε is injective, we have
γ
Cn
(f, g) = 0. Thus f and g are Cn-homotopic.
(2) By Lemmas 6.2 and 6.4, we have Image(ε) = nHk−1(M;πk−1(SWfree)). Thus we obtain γ (f,g) =
ε(γCn(f, g)) ∈ nHk−1(M;πk−1(SWfree)) and hence it holds that
mDegf − mDegg = Φ ◦ h(〈ε(γCn(f, g)), [M]〉) ∈ ⊕
H∈A
nZ.
(3) Note that
Image(ε) = nHk−1(M;πk−1(SWfree))∼= ⊕
H∈A
nZ.
Every element of Hk−1Cn (M;πk−1(SWfree)) is realized as γCn (f,f0) for some Cn-map f : M → SWfree. Therefore, any
element of
⊕
H∈A nZ is realized by mDegf − mDegf0. 
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Here we give a couple of examples. Put n = pq , where p and q are distinct primes.
Let g be a generator of Cn. Let Tm denote the irreducible unitary representation of Cn given by ρm :Cn → U(1)
defined by ρm(g)(z) = ζmz, where ζ = exp(2πi/n). When we denote the greatest common divisor of two integers m
and n by (m,n), we note that kerρm = C(m,n).
Example 7.1. Suppose M = ST1 and SW = S(Tp ⊕ Tq). We determine the structure of [M,SW]isovCn . Since SWCp =
S(Tp) and SWCq = S(Tq), we have SW>1 = S(Tp)unionsqS(Tq), which is a Hopf-link in SW . Hence, it holds that dimM +
1 = k = 2, which shows the existence of Cn-isovariant maps from M to SW .
Next, we classify the Cn-isovariant maps. We see that A= {Cp,Cq}. Now we define a map fα,β :ST1 → S(Tp ⊕
Tq) by
fα,β(z) = 1√
2
(
z(1+αq)p, z(1+βp)q
)
,
where α,β ∈ Z. Then, one can easily check that it is a Cn-isovariant map. By the definition of Φ , we obtain
mDegfα,β =
(
deg
(
z → z(1+βp)q),deg(z → z(1+αq)p))= ((1 + βp)q, (1 + αq)p).
If taking f0,0 as the reference map, we can construct a bijection
mDf0,0 :
[
ST1, S(Tp ⊕ Tq)
]isov
Cn
→ Z ⊕ Z
by
mDf0,0(fα,β) = (mDegfα,β − mDegf0,0)/n = (β,α).
Remark 7.2. In the setting of Example 7.1, all fα,β are Cn-homotopic each other.
Example 7.3. Here, we consider more general example than Example 7.1, that is, put M = ST1 and SW = S(rT1 ⊕
sTp ⊕ tTq) (t  s), where rT1 means the direct sum of r-copies of T1, and so on. If dimM + 1  k, it holds that
k  2. Since the representation is assumed to be faithful, one can easily check that r = 0 or s = 0.
Since SWCp = S(sTp) and SWCq = S(tTq), we see that SW>1 = S(sTp) unionsq S(tTq) and then k = 2(r + s)  2,
which shows the existence of Cn-isovariant maps from M to SW . If k > 2, all Cn-isovariant maps from M to SW are
Cn-isovariantly homotopic each other. If k = 2, we have s = 0, r = 1 or s = 1, r = 0, and use the multidegree for our
classifying problem.
Case I (s = 0, r = 1). In this case, SW = S(T1 ⊕ tTq) and SW>1 = S(tTq). If t = 0, the action is free. If t = 0, we
have Iso(SW) = {1,Cq} and A= {Cq}. Now we define a map fα :ST1 → S(T1 ⊕ tTq) by
fα(z) =
(
z1+αn,∗, . . . ,∗)/‖−‖,
where α ∈ Z. Then, one can easily verify that it is a Cn-isovariant map. By the definition of Φ , we obtain
mDegfα = deg
(
z → z1+αn)= 1 + αn.
If choosing f0 as the reference map, we can construct a bijection mDf0 : [ST1, S(T1 ⊕ tTq)]isovCn ∼= Z by
mDf0
([fα])= (mDegfα − mDegf0)/n = α.
Case II (s = 1, r = 0). In this case, SW = S(Tp ⊕ tTq), SW>1 = STp unionsq S(tTq) and Iso(SW) = {1,Cp,Cq}. If t = 1,
the problem was already discussed in Example 7.1. If t  2, we have A= {Cq}. Now we define a map
fα :ST1 → S(Tp ⊕ tTq)
by
fα(z) =
(
z(1+αq)p,∗, . . . ,∗)/‖−‖,
1076 I. Nagasaki, F. Ushitaki / Topology and its Applications 155 (2008) 1066–1076where α ∈ Z. Then, one can easily check that it is a Cn-isovariant map. By the definition of Φ , we obtain
mDegfα = deg
(
z → z(1+αq)p)= (1 + αq)p.
If taking f0 as the reference map, we can construct a bijection
mDf0 :
[
ST1, S(Tp ⊕ tTq)
]isov
Cn
→ Z
by
mDf0
([fα])= (mDegfα − mDegf0)/n = α.
References
[1] K. Borsuk, Drei Sätze über die n-dimensionale Sphäre, Fund. Math. 20 (1933) 177–190.
[2] W. Browder, F. Quinn, A surgery theory for G-manifolds and stratified sets, in: Manifolds 1973, Univ. Tokyo Press, Tokyo, 1975, pp. 27–36.
[3] T. tom Dieck, Transformation Groups, Walter de Gruyter, Berlin, New York, 1987.
[4] K.H. Dovermann, Almost isovariant normal maps, Amer. J. Math. 111 (1989) 851–904.
[5] G. Dula, R. Schultz, Diagram cohomology and isovariant homotopy theory, Mem. Amer. Math. Soc. 110 (527) (1994).
[6] M. Furuta, Monopole equation and the 11/8-conjecture, Math. Res. Lett. 8 (2001) 279–291.
[7] T. Kobayashi, The Borsuk–Ulam theorem for a Zq -map from a Zq -space to S2n+1, Proc. Amer. Math. Soc. 97 (1986) 714–716.
[8] W. Lück, Transformation Groups and Algebraic K-theory, Lecture Notes in Math., vol. 1408, Springer, Berlin, 1989.
[9] J. Matoušek, Using the Borsuk–Ulam Theorem. Lectures on Topological Methods in Combinatorics and Geometry, Universitext, Springer,
2003.
[10] I. Nagasaki, The weak isovariant Borsuk–Ulam theorem for compact Lie groups, Arch. Math. 81 (2003) 748–759.
[11] I. Nagasaki, Isovariant Borsuk–Ulam results for pseudofree circle actions and their converse, Trans. Amer. Math. Soc. 358 (2) (2006) 743–757.
[12] I. Nagasaki, The converse of isovariant Borsuk–Ulam results for some Abelian groups, Osaka J. Math. 43 (2006) 689–710.
[13] H. Steinlein, Borsuk’s antipodal theorem and its generalizations and applications: A survey, in: Méthodes topologiques en analyse non linéaire,
Sémin. Math. Supér., Sémin. Sci. OTAN (NATO Adv. Study Inst.) 95, 1985, pp. 166–235.
[14] H. Steinlein, Spheres and symmetry: Borsuk’s antipodal theorem, Topol. Methods Nonlinear Anal. 1 (1993) 15–33.
[15] A.G. Wasserman, Isovariant maps and the Borsuk–Ulam theorem, Topology Appl. 38 (1991) 155–161.
